In breast elastography, breast tissues usually undergo large compressions resulting in significant geometric and structural changes, and consequently nonlinear mechanical behavior. In this study, an elastography technique is presented where parameters characterizing tissue nonlinear behavior is reconstructed. Such parameters can be used for tumor tissue classification. To model the nonlinear behavior, tissues are treated as hyperelastic materials. The proposed technique uses a constrained iterative inversion method to reconstruct the tissue hyperelastic parameters. The reconstruction technique uses a nonlinear finite element (FE) model for solving the forward problem. In this research, we applied Yeoh and Polynomial models to model the tissue hyperelasticity. To mimic the breast geometry, we used a computational phantom, which comprises of a hemisphere connected to a cylinder. This phantom consists of two types of soft tissue to mimic adipose and fibroglandular tissues and a tumor. Simulation results show the feasibility of the proposed method in reconstructing the hyperelastic parameters of the tumor tissue.
INTRODUCTION
Elastography is a non-invasive method in which stiffness or strain images of soft tissues are used to detect or classify tumors. It is known that changes in the stiffness of soft tissues are associated with the presence of pathology. In breast cancer, a tumor or a suspicious cancerous growth is normally stiffer than the background normal soft tissue. This forms the basis for the commonly used breast manual palpation technique initially used for breast cancer detection. Manual palpation; however, is not sufficiently sensitive with cases where the tumor is not large enough or is located deep within the breast. In such cases, the tumor cannot be detected by palpation in early stages [1] . Thus more qualitative methods are required to detect the presence of abnormalities. In classic elastography the tissue is assumed to exhibit linear behavior, and using Hooke's law, the tissue's elastic behavior is characterized with only one parameter known as the Young's modulus. In quasi-static elastography, the tissue is stimulated by applying very low frequency external compression. While linear elastic behavior of tissue is expected when very small external compression is applied, soft tissues especially breast tissues deform significantly as a result of even small and inevitable body motions such as chest motion due to respiration. As such, applying small external compressions to ensure linear elastic behavior is problematic due to the presence of other uncontrollable factors, e.g. body motion, which lead to tissue compression comparable to the one resulting from external stimulation. In other words, linear elastic behavior is maintained at the cost of having small signal-to-noise ratio (SNR) of tissue deformation. To address this problem, large external compression is applied to the tissue, which results in large tissue deformation. Furthermore, in breast quasi-static elastography, tissue deformation can be very large due to low stiffness of the tissue and lack of physical constraints. This results in nonlinear behavior of the tissue. At large deformations most tissues exhibit significant strain hardening and the Young's modulus can no longer be considered constant [2] [3] . As such linear elasticity is not sufficient to model the tissue deformation, thus hyperelastic models are used in this case. Ignoring Hyperelastic effects generally leads to sub-optimal contrast (stiffer tissues at lower strain are contrasted against softer tissues at higher strain) [4] .
Large deformations can increase the deformation SNR of the system [5] [6] . If the nonlinear behavior is not considered in the reconstruction algorithm, the elastography image contrast as well as its contrast to noise ratio (CNR) decreases. Nonlinear processing can overcome this limitation [4] . Sinkus et al [7] used MR elastography to show that various breast tissue pathologies exhibit different nonlinear mechanical characteristics. Thus, nonlinear elastography can be used as a highly specific breast cancer diagnosis technique.
The ultimate goal of elasticity imaging, i.e. elastography is to find scalar parameters that describe the elastic behavior of each pixel in the image from local elasticity reconstructions and independent of the boundary conditions [4] . In this investigation we have developed a technique similar to the one proposed by Samani et al [8] for hyperelastic parameter reconstruction. Here, we demonstrate a computational breast phantom study where the phantom consists of three different tissue types: adipose, fibroglandular and tumor tissues. The hyperelastic model of the normal adipose and fibroglandular tissues can be found in the literature [9] , and the goal is to reconstruct the model parameters for the tumor tissue.
THEORY
In this study a nonlinear Finite Element (FE) model of the tissue is used in the forward model of the reconstruction technique. In this FE model, the tissues are assumed to be hyperelastic, which undergo finite deformations. Thus, we used a finite deformation formulation to develop this model. The model assumes that the breast tissue is an incompressible isotropic material. Under static conditions, the equilibrium equation for a tissue undergoing external force is 3 , 2 , 1 0 
The constitutive model of the hyperelastic tissues is represented by a strain energy function. Strain energy function defines the relationship between stresses and strain invariants. These functions are set by a number of coefficients called the hyperelastic parameters. Two different strain energy functions are used in this study. The first one follows the polynomial form widely used in various applications including breast elastography, and the other one follows the Yeoh model, which has been recently used in some biomedical applications. The following equations (3) and (4) 
where in both equations ij C represents the hyperelastic parameters of the model and 1 I and 2 I are the strain invariants.
The polynomial form with N=2 is most commonly used in rubber modeling but has been recently used in breast tissue modeling [9] . This strain energy function depends only on 1 
I and 2
I while it is independent of 3 I to satisfy incompressibility property of the material. Unlike the Polynomial form, the Yeoh strain energy function does not depend on 2
I and is only a function of 1 I . In practice there are several reasons for eliminating 2 I from the strain energy function (Kawabata, Yamashita (1995) and Kaliske, Rothert (1997) et al [10, 11] ), which are:
• The sensitivity of the strain energy function to variations in 2 I and consequently its dependence on 2 I terms is generally much smaller than the sensitivity to variations to 1 I .
• It is difficult to measure the influence of 2 I on the strain energy function.
• Eliminating the 2 I dependent terms of the strain energy function improves the ability of the model in predicting the tissue behavior.
In this study we use both 2 I dependent (Polynomial) and 2 I independent (Yeoh) models.
To constrain the reconstruction process, the hyperelastic parameters are assumed to be uniform throughout the volume of each tissue type. Samani et al [9] proposed a system to calculate the hyperelastic properties of adipose and fibroglandular tissues in laboratory. Their study showed that it is feasible to measure the hyperelastic properties of normal breast tissues. Therefore, in this investigation, we assume that the hyperelastic parameters of the adipose and fibroglandular tissues are known and the goal is to find the parameters of the tumor.
METHOD
A numerical phantom study was performed on a simplified breast tissue geometry comprised of a hemisphere connected to a cylinder. The phantom's FE mesh was constructed using a transfinite interpolation meshing technique. To avoid having extremely distorted elements, which is the weakness of the transfinite interpolation technique in generating circular shapes, the hemispherical part of the mesh was constructed using the method given in [12] . This mesh with element sets corresponding to three tissue types is shown in Fig.1 . The deformation of the tissue is simulated using ABAQUS based on known displacement boundary conditions. The hyperelastic parameters reconstruction technique is iterative and it involves parameter updating followed by FE analysis in each iteration. This parameter reconstruction procedure is summarized in the flowchart shown in Fig.2 . The iterative process begins with an initial guess for the five (for Polynomial model) or three (for Yeoh model) unknown hyperelastic parameters of the tumor. Using the known boundary conditions, the initial guess and the mesh generated on the segmented tissues, ABAQUS is employed for stress calculation. This is followed by updating the parameters using strain energy function defined in equations (3) or (4) and the stress strain relationship given in equation (5) . [13] pI
where DEV represents the deviatoric part of the stress tensor, Ɖ is hydrostatic pressure͕ I is the identity matrix and B is defined as 
Where { } σ is the element stress tensor, [ ] A the coefficients matrix formed using nodal displacements and F tensor, and { } C is the unknown hyperelastic parameters vector. Using equation (9) , the values of ij C were calculated using a least squares method. This yields a set of parameters for each element in the mesh. Averaging these values over the entire volume of the tumor tissue results in the updated parameters of the tissue.
INVERSE PROBLEM
Solving the inverse problems is done by solving equation (9) using a least squares method. The parameters are calculated using equation (10) Having five unknown parameters, the Polynomial form with N=2 is widely used for incompressible materials. There is a major problem in using the Polynomial form, which is the difficulty in calculating the inverse of ) ( A A T matrix because of its ill-conditioning. Ill-conditioning becomes an issue in solving a linear system, if any of the following three cases occur.
1. If the determinant of the coefficient matrix is too small 2. If a row/column of the coefficient matrix is close to a linear combination of other rows/columns of the matrix 3. If the ratio of the largest eigenvalue of the coefficient matrix to the smallest one is too large.
All of these cases have similar effect on the system response, which is making it unstable. If a system of equations is ill-conditioned, the round off error in the computations can potentially result in very inaccurate solutions. We have observed that the system of equations for the polynomial form is ill-conditioned. Solutions to this ill-conditioned problem may be found using regularization techniques.
Each regularization technique leads to a certain error in the calculated parameters. To minimize the error, we have developed a regularization technique, which combines three different regularization techniques. The least squares error of the system in each iteration is shown in Fig. 3 . In this regularization technique, we divided the iterations range into three regions as shown in the figure. The dashed lines correspond to the first region where the Truncated SVD method was used. The dotted portion of the graph corresponds to the second region where the Tikhonov Regularization technique was used while the last portion of the graph corresponds to the Wiener Filtering regularization technique used for the third iteration region. While the Truncated SVD cannot find the exact solution, it can provide good approximate solutions for systems with large errors. Therefore, it was used in the first set of iterations where errors are expected to be large. When the error is sufficiently small, which is expected in the middle iteration region, Tikhonov regularization was used. For solutions much closer to the exact value of parameters Wiener filtering is used. The Wiener filter used in here regulates the smallest singular value only. Truncated SVD, Tikhonov regularization and Wiener filtering technique are given in equations (11), (12) and (13) 
RESULTS
% 30 compression was applied to the breast phantom. The coefficients matrix was formed using the nodal displacements of the model, derived from the positions of nodal point before and after applying compression. The inverse problem was solved using the iterative optimization method illustrated in Fig.2 . While solving the system of equations obtained with the Yeoh model did not require regularization, the system of equations corresponding to the Polynomial model was inverted using the regularization technique we developed. Convergence of each parameter to the corresponding final values is illustrated in Fig.4 . These figures indicate that the proposed technique converges to accurate values rapidly for all parameters in both models. The stress-strain relationship corresponding to the true parameter values and those corresponding to the reconstructed parameter values for both Yeoh and Polynomial forms are shown in Fig. 5 . Table 1 . shows the initial guess, true parameter values, calculated parameter values, number of iterations required for convergence, the tolerance used in the convergence criteria, and the percentage error of the calculated values. The initial guesses are chosen two to three orders of magnitude larger than the corresponding true values of each parameter to demonstrate the robustness of the proposed method. These results show that convergence to accurate values was achieved after relatively small numbers of iteration. 
CONCLUSIONS
In this article a novel nonlinear elastography technique was presented for breast cancer diagnosis. In this method the breast tissue was assumed to be hyperelastic. The proposed technique used an iterative least squares method to find the hyperelastic parameters of the tumor. This method is tested on a simulated breast phantom using two different forms for strain energy function: the Yoeh form and the Polynomial form. The results demonstrated that it is feasible to reconstruct breast tissue hyperelastic parameters from measured displacement data. The Polynomial model depends on strain invariants 1 
I and 2
I while Yeoh model depends only on one strain invariant 1 I . The Yeoh model converges in less iterations than the Polynomial model with higher accuracy, therefore, eliminating 2 I dependent terms in the strain energy function results in higher stability in the system. In the future we will use this technique and assess its performance in a breast phantom made of synthetic materials. We will also use the exponential Veronda-Westman strain energy form, which is another commonly used form in modeling the hyperelastic behavior of biological tissues.
